Abstract We investigate magnetic properties of an ultracold Fermi gas with population imbalance. In the presence of population imbalance, the strong-coupling theory developed by Nozières and Schmitt-Rink (which is frequently referred to as the NSR theory, or Gaussian fluctuation theory) is known to give unphysical results in the BCS-BEC crossover region. We point out that this problem comes from how to treat pseudogap effects originating from pairing fluctuations and manybody corrections to the spin susceptibility. We also clarify how to overcome this problem by including higher order fluctuations beyond the ordinary T -matrix theory. Calculated spin susceptibility based on our extended T -matrix theory agrees well with the recent experiment on a 6 Li Fermi gas.
which suppresses the conventional s-wave superfluid state 7 . In this case, other pairing states, such as the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state 8, 9 and the Sarma state, have been predicted 10 .
When we deal with both the tunable interaction and population imbalance at the same time, pairing fluctuations are crucial in determining the phase diagram in terms of the interaction strength, polarization, and temperature. Even in the weakcoupling regime, it has been pointed out 11, 12 that the FFLO phase is unstable against pairing fluctuations in the absence of a lattice potential. However, despite the importance of strong-coupling effects, polarized Fermi gases have been so far mainly examined within the mean-field level, so that roles of pairing fluctuations in this system have not been fully understood yet. One of the crucial reasons for this current situation is the breakdown of the strong-coupling theory developed by Nozières and Schmitt-Rink (NSR) 13 in the presence of population imbalance 14, 15 . While the NSR theory has succeeded in explaining the BCS (Bardeen-CooperSchrieffer)-BEC (Bose-Einstein condensation) crossover physics in unpolarized Fermi gases, it gives negative spin susceptibility in the presence of population imbalance 14 , which is, however, forbidden thermodynamically 16 .
To resolve the above mentioned problem that the NSR theory possesses, we investigate a polarized Fermi gas in the BCS-BEC crossover region. We point out that one must carefully treat the pseudogap phenomenon associated with pairing fluctuations, as well as many-body corrections to the spin fluctuations in the presence of population imbalance. To overcome this problem, the ordinary T -matrix theory (which has been also frequently applied to the unpolarized case) is found to be still not enough. Further extending the T -matrix theory to include higher order fluctuation effects, we obtain the expected positive spin susceptibility in the entire BCS-BEC crossover region. The calculated spin susceptibility agrees well with the recent experiment on a 6 Li Fermi gas. Using this extended T -matrix theory, we also determine the superfluid phase transition temperature T c in a polarized Fermi gas.
Formulation
We consider a two-component Fermi gas with population imbalance (N ↑ > N ↓ , where N σ is the number of atoms with pseudospin σ =↑, ↓). Since recent experiments are all using a broad Feshbach resonance, we employ the single-channel BCS model, described by the Hamiltonian,
Here, c † p p p,σ is the creation operator of a Fermi atom with momentum p p p and pseudospin σ . ξ p p p,σ ≡ ε p p p − µ σ = p 2 /2m − µ σ is the kinetic energy, measured from the chemical potential µ σ (where m is an atomic mass). When we write the chemical potential as µ σ = µ +σ h, the Hamiltonian in Eq. (1) effectively describes a system under an external magnetic field h. The pairing interaction −U (< 0) is assumed to be tunable by a Feshbach resonance, which is related to the s-wave scattering length a s as 4πa s /m = −U/ 1 −U ∑ ω c p p p (m/p 2 ) (where ω c is a cutoff energy). In this scale, the weak-coupling BCS regime and the strong-coupling BEC regime
Strong-coupling effects are conveniently described by the self-energy Σ p p p,σ (iω n ) in the single-particle thermal Green's function,
where ω n is the fermion Matsubara frequency, and
is the non-interacting Green's function. In this paper, we take the self-energy as
Here, ν n is the boson Matsubara frequency. The particle-particle scattering matrix
involves fluctuation contributions described by the sum of ladder-type diagrams 17 , where
is the lowest-order pair-propagator. Th self-energy in the ordinary T -matrix theory is given by Eq. (3) where
The NSR theory also uses Eq. (5), where Eq. (2) is expanded to O(Σ TMA
For clarify, we call the strong-coupling theory using the self-energy in Eq. (3) the extended T -matrix theory in this paper. The superfluid phase transition temperature T c is determined from the Thou-
When the highest T c is obtained at= 0, the ordinary uniform superfluid phase is realized. The FFLO state, on the other hand, corresponds to the case of= 0. However, since the latter state is known to be unstable against pairing fluctuations in the absence of a background lattice potential 11, 12 , we only consider the case of= 0 in this paper. As usual, we solve Eq. (7), together with the number equations 
Spin susceptibility and many-body corrections
The spin susceptibility χ is given by
Substituting the Green's function given by Eq. (2) into Eq. (9), we automatically obtain, not only self-energy corrections, but also vertex corrections to the spin susceptibility in a consistent manner. In the extended T -matrix theory (where the self-energy in Eq. (3) is used), many-body corrections to the spin susceptibility (≡ χ ETMA ) are diagrammatically given by the first line in Fig.1 . Here, the first term (A1) involves many-body corrections to χ through the density of states ρ(ω). That is, noting that the spin susceptibility χ is deeply related to ρ(ω) at the Fermi level (ω = 0), when pairing fluctuations induce the pseudogap in ρ(ω) above T c , χ is also suppressed due to the suppression of ρ(ω) around ω = 0. To understand the role of (A2), (A3) and higher order diagrams in Fig.1 , it is convenient to approximate Γ to the lowest-order contribution −U. Then, the sum of these diagrams are found to be similar to the random-phase approximation (RPA), as
whereχ is given by the diagram (A1) in Fig.1 . When one uses the NSR Green's function G NSR = G 0 + G 0 Σ TMA G 0 in Eq. (9), the resulting spin susceptibility (≡ χ NSR ) is diagrammatically described by the third line in Fig.1 . Reflecting that the self-energy is only taken into account to O(Σ TMA ), the diagram (A1) is now approximated to (C1) and (C2). In this regard, we note that the NSR Green's function G NSR is known to overestimate the magnitude of the pseudogap 17 , leading to the unphysical negative density of states around the Fermi level in the BCS-BEC crossover region. Because of this, the suppression of the spin susceptibility by the pseudogap effect is also overestimated in χ NSR , leading to the negative spin susceptibility, as shown in Fig.2 . In the strong-coupling BEC limit, one finds 18
) is the susceptibility of a free Fermi gas.
218T F is the superfluid phase transition temperature in the BEC limit (where T F is the Fermi temperature). The second term in Eq. (11) just arises from the diagram (C2) in Fig. 1 , which is related to fluctuation corrections to the density of states 19 . As shown in Fig.2 , this term is the origin of the negative spin susceptibility in the BEC regime.
The problem of the negative density of states is absent in the ordinary T -matrix theory (where Eq. (5) is used) 17 . In this case, the (A1)-type diagram in Fig.1 is correctly included as (B1) in the second line of Fig.2 . However, when we evaluate χ based on this theory (≡ χ TMA ), although the situation becomes much better than the NSR result, χ TMA still becomes negative for 0.5 Fig.2 ). This is because the RPA-type series in the extended T -matrix theory is truncated at the first order ((B2) in Fig.2 ) in the ordinary T -matrix theory. Evaluating χ TMA by approximating Γ to −U, one obtains
While Eq. (10) is always positive, Eq.(12) becomes negative when Uχ 0 > 1. The above analyses clearly indicate that one needs to carefully treat the pseudogap effect and the RPA-type many-body corrections to the spin susceptibility in the presence of population imbalance. Since they are both correctly treated in our extended T -matrix theory, the calculated spin susceptibility χ ETMA is positive in the entire BCS-BEC crossover. As shown in Fig.2 , χ ETMA gradually decreases with increasing the interaction strength, and almost vanishes when (k 6 Li Fermi gas (where the spin susceptibility is measured by using in situ imaging of dispersive speckle patterns) (solid circles) 20 . In this experiment, the temperature is fixed at the value of T c at (k F a s ) −1 = −0.35. Thus, the right side of the vertical line is in the superfluid state. because the spin degrees of freedom almost dies out due to the formation of tightly binding singlet pairs in the BEC regime. We compare our theoretical result with the recent experiment on 6 Li 20 in Fig.3 . The calculated spin susceptibility χ ETMA well agrees with the observed susceptibility in the normal state (the left side of the vertical dotted line). We emphasize that there is no fitting parameter in obtaining Fig.3 .
So far, we have discussed spin susceptibility, which is obtained in the zero polarization limit (h → 0). Here, we briefly consider the case of finite polarization. Figure 4 shows the phase diagram of a polarized Fermi gas in terms of the interaction strength, polarization P = (N ↑ − N ↓ )/(N ↑ + N ↓ ), and the temperature. In the weak-coupling BCS regime, T c vanishes at a critical polarization P c . The magnitude of P c increases, as one passes through the BCS-BEC crossover region. In the BEC regime, one finds T c = T BEC c (1 − P) 2/3 . We briefly note that, although we have only considered the second order phase transition by using the Thouless criterion in Fig.4 , the first order transition may exist below P c 10,15 . To examine the first order phase transition of a polarized Fermi gas, one needs to take into account the possibility of phase separation between the paired molecules and fully polarized Fermi atoms, which remains as our future problem.
Summary
To summarize, we have investigated an ultracold Fermi gas with population imbalance. We clarified that the breakdown of the NSR and T -matrix theories in the presence of population imbalance can be eliminated by carefully treating the pseudogap effects and the RPA-type many-body corrections to the spin susceptibility. The resulting extended T -matrix theory gives the expected positive spin susceptibility in the entire BCS-BEC crossover region. The calculated spin susceptibility well agrees with the recent experiment on a 6 Li Fermi gas. Since polarized Fermi gases are deeply related to metallic superconductivity under an external magnetic field, our results would be useful for the further development of the physics of polarized Fermi superfluids.
